Abstract: In this paper, Galerkin method with quintic B-splines as basis functions is presented to solve a fourth order boundary value problem with two different cases of boundary conditions. In the method, the basis functions are redefined into a new set of basis functions which vanish at the boundary where the Dirichlet type of boundary conditions are prescribed. The proposed method is tested on several numerical examples of fourth order linear and nonlinear boundary value problems. Numerical results obtained by the proposed method are in good agreement with the exact solutions available in the literature.
Introduction
Generally, fourth order boundary value problems arises in the mathematical modeling of viscoelastic and inelastic flows, deformation of beams and plates deflection theory, beam element theory and many more applications of engineering and applied mathematics. Solving such type of boundary value problems analytically is possible only in very rare cases. Many researchers worked for the numerical solutions of fourth order boundary value problems [1] [2] [3] [4] [5] . In this paper, we try to present a simple finite element method which involves Galerkin approach with quintic B-splines as basis functions to solve the fourth order boundary value problems with two different cases of boundary conditions. In this paper, we consider a general fourth order linear boundary value problem given by 0 ( ) (4) 
subject to boundary conditions
where 0 , 1 , 2 , 0 , 1 and 2 are finite real constants and 0 ( ), 1 ( ), 2 ( ), 3 ( ), 4 ( ) and ( ) are all continuous functions defined on the interval [ , ] . The boundary value problem (1) is solved with either cases of the boundary conditions (2a) or (2b). In section 2 of this paper, the justification for using the Galerkin method has been mentioned. In section 3, the definition of quintic B-splines has been described. In section 4, the description of the Galerkin method with quintic Bsplines as basis functions has been presented. In particular, the proposed method with the boundary conditions (2a) is presented in section 4.1, where as the proposed method with the boundary conditions (2b) is presented in section 4.2. In section 5, solution procedure to find the nodal parameters has been presented. In section 6, the proposed method is tested on four linear and three nonlinear boundary value problems. The solution of non-linear problem has been obtained as the limit of sequence of linear problems generated by the quasilinearization technique [6] . Finally in the last section the conclusions of the paper are presented.
Justification for using Galerkin method
In finite element method(FEM) the approximate solution can be written as a linear combination of basis functions which constitute a basis for the approximation space under consideration. FEM involves methods like Rayleigh Ritz, Galerkin, Least Squares and Collocation etc.,.
In a Galerkin method, a weak form of approximate solution for a given differential equation is existing and is unique under appropriate conditions [7, 8] irrespective of properties of a given differential operator and weak solution is also a classical solution of given differential equation provided sufficient attention is given to boundary conditions [9] . That means the basis functions should vanish on the boundary where the Dirchlet type of boundary conditions are prescribed. It is given that when a differential equation is approximated by quintic B-splines, the method yields sixth order accurate results [10] . Therefore, in this paper we intend to use the Galerkin method with quintic B-splines as basis functions to approximate the solution of a given problem.
Definition of Quintic B-splines
The cubic B-splines are defined in [11, 12] . The quintic B-splines with evenly spaced knots are defined in [10] . The existence of quintic spline interpolate ( ) to a function in a closed interval [ , ] for spaced knots (need not be evenly spaced) = 0 < 1 < . . . < −1 < = is established by constructing it. The construction of ( ) is done with the help of the quintic B-splines. Introduce ten additional knots
Now the quintic B-splines ( ) are defined by
0, otherwise where
Here the set { −2 ( ), −1 ( ), 0 ( ), . . . , ( ), +1 ( ), +2 ( )} forms a basis for the space 5 ( ) of fifth degree polynomial splines. The quintic B-splines are the unique nonzero splines of smallest compact support with the knots at
Description of the method
To solve the boundary value problem (1) by the Galerkin method with quintic B-splines as basis functions, we approximate ( ) as
where 's are the nodal parameters to be determined. In Galerkin method the basis functions should vanish on the boundary where the Dirichlet type of boundary conditions are specified. In the set of quintic B-splines
and +2 ( ) are not vanishing at one of the boundary points. So, there is a necessity of redefining the basis functions into a new set of basis functions which vanish on the boundary where the Dirichlet type of boundary conditions are specified. For this, we proceed in the following manner.
Using the quintic B-splines described in section 3 and the Dirichlet type of boundary conditions prescribed in (2), we get the approximate solution at the boundary points as
Eliminating −2 and +2 from the equations (3), (4) and (5), we get
where
and˜(
Applying Galerkin method for (1) with the basis functions˜(
Method with boundary conditions (2a)
Integrating by parts the terms upto second derivative on the left hand side of (9), we get each term after applying the Neumann conditions prescribed in (2a) as
Substituting (10), (11) and (12) in (9) and using the approximation for ( ) given in (6), and after rearranging the terms for the resulting equations we get a system of equations in the matrix form as
Method with boundary conditions (2b)
Integrating by parts the terms upto second derivative on the left hand side of (9), we get each term after applying the boundary conditions for second derivative prescribed in (2b) as
Substituting (16), (17) and (18) in (9) and using the approximation for ( ) given in (6), and after rearranging the terms for the resulting equations we get a system of equations in the matrix form as
(20) 
To evaluate each , we employed 6-point Gauss-Legendre quadrature formula. Thus the stiff matrix A is an eleven diagonal band matrix. The nodal parameter vector has been obtained from the system A = b using a band matrix solution package.
Numerical Results
To test the applicability of the proposed method, we considered three linear boundary value problems and three nonlinear problems with boundary conditions of the type (2a) and one linear boundary value problem with boundary conditions of the type (2b), because the exact solutions for these problems are available in the literature. For all the examples, the solutions obtained by the proposed method are compared with the exact solutions. ] . 
Example 1 Consider the linear boundary value problem

The proposed method mentioned in section 4.1 is tested on this problem where the domain
The nonlinear boundary value problem (25) is converted into a sequence of linear boundary value problems generated by quasilinearization technique [6] as (4) 
The exact solution is = sin . The nonlinear boundary value problem (27) is converted into a sequence of linear boundary value problems generated by quasilinearization technique [6] as (4) 
subject to (0) = 0, ′ (0) = 1, (1) = ln 2, ′ (1) = 0.5. The exact solution is = ln(1 + ). The nonlinear boundary value problem (29) is converted into a sequence of linear boundary value problems generated by quasilinearization technique [6] as (4) 
Conclusions
In this paper, we have developed a Galerkin method with quintic B-splines as basis functions to solve a fourth order boundary value problems with two different cases of boundary conditions. The quintic B-spline basis set has been redefined into a new set of basis functions which vanish on the boundary where the Dirichlet boundary conditions are prescribed. The proposed method is applied to solve a several number of linear and nonlinear problems to test the efficiency of the method. The numerical results obtained by the proposed method are in good agreement with the exact solutions available in the literature. The objective of this paper is to present a simple and accurate method to solve a fourth order boundary value problem.
